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MATHEMATICAL ANALYSIS OF CIRCULAR CORROSION CELLS
HAVING UNEQUAL POLARIZATION PARAMETERS

INTRGDUCTION

In many corrosion reactions the anode and cathode are spatially locallzed Th,ls may‘
occur on different surfaces, as in the galvanic corrosion of dissimilar metals, or on q.;f- ‘
ferent parts of the same surface, as with localized geometries such as cremces Moreover ‘
the corroding system often has a coplanar concentric circular geometry. As: polnted out:
earlier [1, 2], examples include some instances of pitting [3], crevice corrosion under o
rings or washers [4], and corrosion under barmacles [5], under tubercules of corxosmn

products [6], or under dust particles in condensed moisture films [7].

In all such cases there is a potential difference between the central anode and the
disk-shaped cathode swrounding it. This potential difference may arise from heter- -
ogeneities in the solid phase (such as dissimilar metals, inclusions in a base metal; or
discontinuities in protective films) or from heterogeneities in the liquid phase (such as-
differential aeration as in crevices). Thus there is a distribution of both electrode poten-
tial and local current density as one moves radially from the center of the anode out,
toward the far edge of the cathode. ‘

Gal-Or, Raz, and Yahalom [8] have mathematically treated systems of coplanat
conceniric circular corrosion cells. These authors analyzed the effect of various system
parameters on the total current, and more recently McCafferty [1, 2] has evaluated
the distribution of potential and current across such cells. These treatments: essentlally
extended to cylindrical geometries the model developed by Waber and coworkers: &12]
in a series of publications treating semi-infinite parallel electrodes. . .

Two central features in the Waber model are that the anode and cathode obey linear
polarization kinetics over an extended potential range and that the anodic and cathodic
slopes are equal. Whereas the first assumption often holds in experiments, the second
assumption rarely holds, because the anode is generally far less polarizable. than the
cathode.

The case of unequal anodic and cathodic linear polarization has been solved moently
by Kennard and Waber [13] for semi-infinite strips of parallel electrodes under bulk
electrolyte.

This report extends the Waber model of linear corrosion kinetics to c:rcu.lar systems
with unequal polarization parameters. Equations are derived for potential and current
distributions and for the total anodic current, and generalized calculations are made.
Comparisons with experimental results will be made elsewhere. b

Manuscript submitted February 7, 1977.



E. McCAFFERTY

DESCRIPTION GF THE MODEL

The Corrvosion Celi

The cell geometry is shown in Fig. 1. The anode and cathode outer edges are
coplanar concentric circles of radii a and c respeciively. The electrolyie thickness b is
allowed to appreoach infinity for bulk elecirolyfe. '

Linear Palarization

The cell potentials are shown in Fig. 2a, and stylized polarization curves are shown
in Figs. 2b and 2c. Following Wagner {14} and Waber [9-13], an important feature of
the model is that the polarization curves are linear in E vs i over an extended range. As
pointed out by Kennard and Waber [18], if the plots ave linear aver only a portion of
the curve, tangent approximations can be drawn. Thus the open-circuit potentials EJ and
E? are replaced by the intersections EJ' and E' respectively of the tangent lines with the
potential axis, as shown in Fig. Zc.

e 2 %=fy
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Fig. 1i—Tha corroston cetl
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E. McCAFFERTY
The linearized polarization curves are characterized by the Wagner polarization
parameters .

a5
L = ﬂ‘E-_[ {1}
g
for the anode ang
_ 1dE
':c Gi— di L' {2}

for the cathode, where ¢ is the electrolyte conductivity. The parameters £, and £, have
the dimensions of length (cm), and £, ¥ L, in the present treatment.

The assumption of linear polarization oyer an extended potential range has been
observed to be a reasonable approximation in a number of instances. For example, steels
in aerated neutral to basic solutions, with or without chloride, displayed both anedic and
cathodie plots which were approximately linear over an extended range [16}. Additional
-examples include the behavior of copper/steel couples in distilled water [16], the cor
rosion of tin in citrate solutions {17}, and the corrosion of bare and coated atuminum in
chloride solutions [18]. Other examples involve specialized geometries, such as the
pitting of aluminum [19}, or specialized conditions, such as the digsolution of mild steel
at high anodic overpotentials in concentrated electrolytes {20]. On the cathodic side the
reduction of oxygen on nickel in dilute Hy SO, [21] and of silver in KOH [22] display
linear regions. Polarization curves for a variety of metals in thin-layer electrolytes [23]
display linear regions over at least part of the petent;al ranges for both anodic and
cathodic processes.

In some cases the linearity may be attributed predominantly to resistance polariza-
tion, caused either by iR drops through the solution or by chmic films on the electrode
surface, As pointed out by Stern and Geary [24], however, sometimes the combined
effects of conceniration polarization plus chmic drops interfere with activation polarize
tion processes so that a very short Tafel region is observed, Such eases often give
straight-line segments in E vs /. '

At this point it should be clear that the model invokes linearity over an exfended
potential range and not merely in the pre-Tafel region near the corrosion potential, where
the usual Stern and Geary [24] Linear relation is valid,

MATHEMATICAL ANALYSIS FOR BULK ELECTROLYTE
The electrostatic po{:ential P(x, y, z} is given by Laplace’s equation
VviP(x, y,2) = 0, ,_ (8)

provided that there are no concentration gradients in the solution, the solution is electra-
‘neutiral, and there are no sources or sinks of ions in the electrolyte [25]. -

With the circular geometry it is convenient to rewrite Eq. (3}‘in cyclindrical coordi-
nates using the usual transformations x =r cos8 g and ¥ = rsin 8. The result is

4
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?P(r2) 1 0P 2) , 3°P(, 2)
are r or az2

=O,

-where the potential P is independent of the angle 6. The general approach is’:
P(r, z) in Eq. (4) subject to appropriate boundary conditions and then to eval_
local current density i(r, 0) from Ohm’s law for electrolytes .

i, 0) = - U[apgzz} ,

z=0

e

where ¢ is the electrolyte conductivity.

Boundary Conditions

The boundary cdnditions heve been discussed in some detail in a pre\ieu:a report
[1]. In brief there is no current flow across the symmetry line r = 0, nor a¢ CTOSS the f'athodp ‘

outer boundary r = c. Thus
2 | |
e,
r r=0 '

oP(r, z) _
5L e

Also, the potential must be bounded at the upper physical boundary of the elec onte :
so that Y

and

| '."('7_)

where M is some finite number.

The general solution tc Eq. (4) subject to the boundary cond1t10ns of Eqs. i
through (8} is [1, 2, 8]

P(r,2) = Co + 9 Cplp(Ayretn?, e (9)

n=1

where C, and C, are coefficients to be evaluated later, J; is the Bessel functlon of order
zero, and A, = x,,/c in which the x,, are the zeros of J; (x) =
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Linear Polarization

The remaining boundary condition relates the electrode potential B¢, 0} along the |,
metal surface vs some standard reference electrode to the electrostatic potential Pfr, 0)
within the electrolyte but “just outside™ [26] the electrode surface. I E, and £, are
the potentials of the polarized anode and cathode respectively, at any current density,
then : ' SR -

V' - P(r,0) = E{r,0), B {16}
where V' is a constant which includes the various differenees in electrostatic pétenﬁai :
across the extra interfaces introduced in the measurement of a 'potential difference across
the metal /solution interface of interest [27]. Equation (10} is developed in Appendix

For the anodic branch in Fig. 2b,

i(h0) -0 _ldi

slope = —— = , (11)
E(r,0) - E2 l"‘EL | .
: r ‘
which after rearranging becomes ¥
E{r,0) = EJ + i(r, 0}1§-§i . {12)
ST
Suéstitution of Eq. (5) in Eq. (12) gives
; dE} [3F(r, 2} '
= FO _ gl |22 i3
Efr,0) = E] s[diia[ % ] {13
T z=0

Use of the Wagner polarization parameter as defined in Eq. {1) gives:

E(,0) = E° - £, [an’ "’3‘] . (14)
ey % “g=0 .. ‘ _ f
Substitution of Eq. (14) in Eq. (10) gives
P, 0) - £, [aP g z{‘ -V -, 0<r<a (15a).
? z=0" )
A similar expression holds for the cathode:
PG, 0) - £, [ﬁg"-i}] =V -E, a<r<e (150}
2 z=0
6
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Equations (15a) and {15b) are the final boundary conditions required. The mdeterm' ate
constant V' will vanish in the final forms of the expressions to be derived but wﬂl be o
carried along for mathematical completeness. ‘

Evaluation of the Coefficients C,,

The boundary conditions in Eqs. (15a) and (15b) are used to determine the coeffi-
cients €, appearing in Eq. (9). The approach is to evaluate Eqs. (15a) and (15b) using
the general expression for P(r, z) and then to sclve the two simultaneous equatmns The,
reader wishing to avoid the mathematical details can skip to Eq. (35).

The general expression for P(r, z) was given earlier by Eq. (9). Usé of Eq(
(15a) gives

Co * Z C"(1+£a)\n)']0(7\nr) = V' - Eg, 0y < a'. CoT A
n=1

If this equation is multiplied through by rJ(A,,r) and integrated over the domam of
applicability (from r = 0 to r = a), then

a ;
Co f rWo(\,r) dr + f Z Call + LA o AWy P
r=0 r=0 n=1

a
= (V'-Eﬁ)f rdo(Ap, r) dr. oAy
_ LN

The first and third integrals can be evaluated from a standard recursion formula for
Bessel functions [28]; that is : :

dx le(xil = xlpx), : ‘(13)1.‘::‘, _

which, upon appropriate variable change and integration, gives

J.rJo (Ar)dr = %rJl (Ar).
The second integral to be called I, is
a = ‘ RERT .: .
h= f Z Cp (L + LoAn o (AgrWo (A r) dr L 20)
0 n=1

or



E. McCAFFERTY

E Co(1 + L,A,) J' WMo rydr. (21)

The summation can be split into two cases: # = m, and n#* m. Thus

. &
= cm(1+£axm)f rEA,rydr
. r=0

+ Z Cull + 0 f (A r)Jﬁ(?&mr)dr L @
n=} ‘
n¥Fm ‘

Substitution of Eqgs. (19) and (22) back into Eq. (17) thus yields
1 a
© Cy K—-le{.?kms-} + Cm{I:-!-}.;?km} rJg{Rmr}dr _
’ m o =0 - : ) S
oo o ‘a .
+ Y Cut+ L) f 1 Wg O} 87
n=1 r=0
n¥m '
: 1
=V -,Eg)h—.agfl(-kma)., L R ¢

The second mbegra]; in Eq. {23) is a Lommel mtegrai [29}:

. S R  . ' E 2
@ o) f £ 0V () = [xiﬁJnfﬂtx}J;{Bx} - ah@ah@] .
. X3

(24}

where the primes denote dlffexentlwcm with respect to the whole argument and not just
x. Thus, when n ¥+ m, ‘ _

P

- Dy @i a) -_x,,,JQ{},,a}JI{A,;a}I.

B m

a | p
| L TIo@arNoRnr)dr = —
(25}

When n = m, the integral becomes f rJg(lmr) dr, which is the remaining integral to be
evaluated in Eq. (23). However, when n=m, the right-hand side of Eq. {25) gives 0/0,
so that I"Hospital’s rule must be used. In this ease the numeraior and denominator are
differentiated with respect to A, and then ), is allowed to approach X, . The result
{omitiing several steps) is

w»
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. ' 2
f rJ&(?\mr) dr = 32- [J%(?\ma) + J12(7\mﬂ)]-
r=0

Use of Egs. (25) and (26) in Eq. (23) gives

1 2
Co3_ 91 (Am@) + Cm1 +.,cax,,,)—‘~’5 W2(Ana) + J2(\,0)]

+ Z C(1+£7\)

n=1 n m

n¥m

= D\ n0p ) - Aol g@l]

= (V'-E?) if; J1 (A ).

Equation (27) is one of the two simultaneous equations to be solved for th et
The second equation follows from the boundary condition on the cathode given in Eq.”
(15b). The approach is the same as has just been completed. P(r, 0) and oP(r,’ z)/az at
z = ( are evaluated from Eq. (9), so that Eq. (15b) becomes N

Co + ). Call+ LA} = V' - B2, a<r<e =;;;' E:‘-'(:-.215';)

n=1

Again the equation is multiplied by rdg(A,,7) dr and integrated over the approp :
limits, which in this case are from r=a tor=c¢

c c .
Co f rdog(Apr)dr + j Z Cp(1 + LA TN (Ayr) dr
rsg rsg p=] o :
= (V' -E)) f rdo(A\pr) dr. (29)
r=g

The first and third integrals can be evaluated using Eq. (19)

L [T (Ap€) - 0Ty (Ag@)] + T Cull + LAy f PO\ (A ) dr

n=1

V' - E2
Am

[ed; (A ) - ady (N 0)] ez (80)




" E. McCAFFERTY

By definition X, ¢ = x,, and Jy(x,,) = 0. Again the summation can be split into two
cases, 0 that Eq. (80) becomes ) ‘ R AT T TR

c ¢
2 0y (An@) + Cpll 4 L) [ ragounar
{11 . ’ B . - -rnan o ’

o €

+ 3 1+ L) f Fo ) o (A ) dir

n=1 r=g
n¥Fm ‘

= - i_-.-r-h—;—_i—)_mfl(hma). T (31)

The integrals in Eq. (81) can be evaluated as before from Eq.(24). A simpler approach
is to’add and-subtract 7 rJZ(\,r) dr to the second term and.to add and subtract
f; rdo(Ayridg(hy, 7} dr within the summation sign: Then Eq. (31) becomes

. ﬂﬁ ’ / & ‘ & q '
—TaJl(?\ma) + Cp(1+ L xpu0 f rJ%{)\mr}dr- f rdg (A r)dr
m o R =g vag

n=1 r=0
n¥Em

o t : a . A
+ Z (1 +£c?\n}[ f rdo (A, rWo{h,,ry dr -~ f rJu(?&hr}Jo(lmr'}dr]

—

(V' -E2)

= e G (0 a). (a2)
Yo -

_ The integrals involving the entire interval fmm r .-:' 0 td__r %c are the usual orthogonality
‘relations [30], - L ‘ o o ‘

o ,_zz%mf

| f PPNy rhar s )

. \:;cg. 2’ . .
r=0 "é {Jg(}\mc); R Em,

o

and the iﬁtegralsﬂf'ro;'n’ r=0 to r =‘, a have aIready been evaluated per Eqs. (25) and (26),
so that Eq. (82) reduces to e '

‘40




NRL REPORT 8107

- -—aJl(?t a) + Cp, (1 + LA, ){ Jz(?\ c)- _[Jz(?\ a)+J2(7(-m¢

ey M@)o (A @) = Ay Jo (Mg @) 3 €

n m

+ Zc(1+£>«){

n=]
n¥m

(V' - E®

= - )\m GJI(}\ ﬂ)

Equations (34) and (27) are thus two simultaneous equations in Cy and C
Addition of the two equations eliminates Cy. The result, after considerable algebra,

c [(1 . x,,,) 0(2,,,.). e “( )(“)A]' “ £)

n¥

where A, and W, are defined by

Ap =3 E’z (x,,, ) + 2 (xmf.):I
tom = el 2 o) - 22 s :)]

Equation (85) thus generates a , series of equations, say & of them, where m is: fix
from 1 through k. These k equations are solved simultaneously to give the coe
fromn=1tok.

and

The indeterminate constant V' cancels out in the generatlon of the set of
Also, when L, = [, = L, Egs. (36a) and (35b) reduce to the prevlous casa 1

\ o okl

xn(l L— ) (:n)

where the dummy variable m has been replaced by the more general n.

11




" B. McCAFFERTY
Evaluation of the Coefficient C5 .o :

The remaining coefficient Cy can be most conveniently evaluated by going back to
the original pair of equations: Eqgs. (16} and (28). The approach is to multiply through
in both equations by rdr and then to integrate over the appropriate limits. The opers-
tions ave straightforward, so that it is not necessary to detail the proof here. .The
" resulting two equations are ' '

- 2 S
= CO Z C(1+E Jl(}\na} = (V‘-—Eff}fz- : .@n
angd
2 _ .2 ' I R g? |
("'—zi- Z Cafl + Lhy) 5 Jl(?\ a) = (V ~.E§}( > ) (38)

Adding Egz. (37) and {38} and solving for C@ gives

Co = V' - (-i)zEg - <52?;‘-‘2) 2- (£, £G)Z A (x,% “) £39)

n=1

Electrode Potential

- The electrostatic potential P(r, z) at any point in the electrolyte is given by Eg. (9):

Pir,z) = €y + Z Cndy (xn—)e"‘“”" (9)

n=1

Use of Eq. (39) for €, in the above gives

P(r,z) = V' —(-'3;)21?3 -(62'6 )E"‘ -——(4'3 -& }Z CJ;(M)

c? n=1

EDICEACRA (40)
-1

12




NRL REPORT 8107
The relationship between the electrostatic potential P(r, 0) in the electrolyte. near

the metal surface and the electrode potential E(r, 0) vs a standard reference electrode
is given by Eq. (10). Use of Eq. (40) with z = 0 in Eq. (10) gives

at2 c? - a? 2g < a — ey
E(r, 0) = (_ JlEg + (S50 oo v Zey-20 ) anl(xn -) -y anol(x,,—),
e/ c \ c n=1 ¢ e T S,
(41)
where the C, are determined from Eq. (35). Again the indeterminate constant V
vanishes in the final expression. ‘
Local Current Density
The local current density i(r, ¢) along the metal surface is related to the: electrostatlc

potential P(r, z) by Eq. (5). Performing the differentiation on P(r, 2) as given m;:Eq (40)
and inserting the result in Eq. (5) yields

z(r, 0) _ Z C ano(x _) - (42)

where again the set of C,, is determined from Eq. (35).

Total Anodic Current

The total anodic current is related to the local current density by [1, 2, 8] |

a m
I ogic = f J' i(r, 0) r dr df 48y
r=0 Y9=0 |

or

a _
Inogic = 27 f i(r, Q) rdr o (44)
r=0 o .

Use of Eq. (42) in (44) gives

md,c=2mf ZCxJO( )rdr ey

0 n=1

or

o0

o2%g a r : R
Ia.nodic = —C‘-_ Z f Cnano (xn ;) rdr. ' oo (46)
n=1 *r=0 : - ’

13



E. McCAFFERTY

The integral can be evaluated from Eg. (19), so that the result, omitting a few steps, is

L anodic > a |
5~ 2ma Z Cpdy (xn ) (47T)

n=1 ¢

where again the set of C,, is determined from Eq. (35}

MATHEMATICAL ANALYSIS FOR A THIN-LAYER ELECTROLYTE
if the elecirolyte is a thin layer of height b instead of bulk lquid, the boundary

condition given by Eq. (8) is replaced by the requirement that there is no current flow
across the outer boundary of the electrolyte:

8P(r, 2} - ‘.
[ Y :L=a; 0. {48}

The other boundary conditions are the same as for the bulk case. The general solution
of Laplace’s equation subject to the restrictions of Egs, (8}, (7), and {48} is

P(r,z) = Cp + ) C,cosh [x—c" (b-z):lzﬁ (xug) {49}
n=1

The coefficients Cy and C, are evaluated from Egs. (15a} and (15b), as was done for the
case of bulk electrolyte. The procedure is exactly the same as for the bulk case; hence
only the resuiis are listed below. '

The coefficients C,, are given by the systems of simulianeous eguations

x By G (xm) X fa\2 p
cm{ [1 + ,ccf-;i‘ tanh (xm E)} 2’" + (L, - £c)"c_(%) tanh (xm E)Am}

£ ~& i E° -E%)
2 Y CyWpy, sinh (x,,—b) = - 1 G - %) CE)JI (xm f},
b ¢ & x [ L4
¢? cosh (xm —) n=1 cosh (xm -) "
€/ n#m ¢
(50}

where again A, and W,,, are defined by Eqs. (35a) and (35b) respectively and m takes
on the vaiues 1 through k successively.

The constant Cy is given by

14
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2 2 _ 2 i N\
. a c® -a 2a . b\ _{. a\
Co =V _(E) E? - ( - )Eg - (£, - L) E C,, sinh (xn E’)Jl'(_xﬂg)_’

c c n=1 o
(51)
and
2 2 .2 9 > _ b e\
Er, 0) = (E) E] + ¢ e E; + "'g (Lg - Le) Z C, sinh (xn E)Jl (xn "E')
¢ ¢ ¢ n=1 RS
- Z C, cosh (xn 2) Jy (xn {_—) . _ (82)
n=1 ¢ C E
The local current density is given by
ir,0) 1 % : b r B
=== Z C,x, sinh (xn -C-)JO (xn -E), o :..:-(53) E
n=1 R
and the total anodic current is
I ; - b
an:dlc = 27ma Z C,, sinh (xn E) Jy (xn%) . ] (54)
n=1 : S

When b - o0, C, (thin-layer) X sinh (x, b/e) = C,, (bulk), so that the expressions for fhin— _
layer electrolyte reduce to the corresponding equations for a bulk electrolyte for large .

The various expressions for the thin-layer and bulk cases are summarized i'r::t'--:EI'-"able 1.

PREVIOUS CASE OF EQUAL POLARIZATION PARAMETERS

When £, = £, = [, the preceding results for bulk and thin-layer electrolyfes‘.;j:redl..lce
2 2 _ 2}
E(r, 0) = (%) EC + <C 2“):Eg
¢
a 1
+ 2(;)(1«:5 “E2) )

X
n=1 xn[l + [ _Cf Q] T (x,)

to

a .
Jl (xn E/ ry PR
Jo o) (65)
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Table 1—Bummary of Relationships for Coplanar Circular Electrodes under a Bulk and a
Thin-Layer Electrolyte. The hyperbolic functions in the upper part of the brackets apply to
thin layers, and are veplaced by I for a bulk slectrolyte. The numbers in parentheses refer
to equation numbers in the téxt.

Coefficients €,

b
tanh {x,, —
m (’"0) J5t%m )
1+ef, — 3
Co ar
1

or
aa. i
sinh (x {—3) 2z
+ 2 et Z c Te n (an)Ju(xmf.}
2 b " or 2,2 ¢ <
€ tcosh{x,, —) =1 Xy = Em :
€ n¥m 1
or
id
Xm a a 1 (Ey -EZ) 4
';—Jﬁ( n;)“rl (zm;)] " - X * = I(xm ) (35, 50)
i cosh (x - m
or
1
Electrode Potential

a\2 % -a? sinh ( E) 2
E{r, 0) = ('E) g + (--;2-—)5;’ + —-{£ -£ }Z fe 4 (&Z}

. 1
- eosh (xn g) ,
-G o p (xn z)- (41, 52
ncl
1
Local Current Density
r. 0) o sinh x,, p
ir, 1 r
_g_— = ? Z Cnxn or Jg(xnz) {42, 33}
n=1 1
Total Anodic Current
b
fmodm s sinh ( E) 2 ( d)
= X -
o TERL Gy o [TV (47,54)
1
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' J. (x a)Q T
: . o2 1i*n 7 C
‘(rt;o) =-22 ®m-B) ) < A x,,%) ()
c n=1 [1 + £_?n Q} J%(xn) S
and: S
2lx, 20 R
Tanodic o o 1( " C) SRR (-4 )]
- ——41r~——(E E)Z ,

x
n=1 an +£—cfe;_g—_| JE(x,)
where in each of the above

1, bulk electrolyte, : : _
Q= - (88)
tanh (xn %), thin layer.

These equations are the same as those previously reported except that the mgns of
electrode potentials in Egs. (55) through (57) now conform to the conventlon that the
noble direction is the more positive. o S

NUMERICAL EVALUATION
Values of £, and [,

In general the anode and cathode have different polarizabilities (the two electrode
potentials respond differently to the passage of current). In many instances the: anode is
the less polarizable. This is illustrated by many electrode kinetic studies carried out’ "
under carefully controlled conditions. With iron, for example, in a variety of deaerated
electrolytes, anodic Tafel slopes of 30 to B0 mV/decade have been observed, while the
cathodic slopes were 120 mV/decade [31-34]. Other metals in the iron group (mckel
and cobait) have been observed to behave similarly [35].

To cite two more examples, cadmium undergoes self-dissolution to Cd *2in ac;ds by
two consecutive single-electron transfer reactions, and indium goes to In*3 through three .
consecutive single-electron transfers. The observed anodic Tafel slopes are 40 to EOmV/
decade (0°C) for cadmium [36] and 22 mV/decade for indium [37], in good corre-
spondence with the theoretical values of 2.303 RT/(3/2)F and 2.303 RT/(5/2)F
respectively. The hydrogen-evolution reaction on both surfaces gave cathodic Tafel slopes
of 115 mV/decade and 120 mV/decade respectively, indicative of a single-electron: trans-
fer characterized by a theoretical value of 2.303 RT/(1/2)F.

In more practical situations where conditions are not as well defined, Tafel behavior
is not always observed, but instead polarization curves sometimes display segmerits which -
are approximately linear in current (rather than the logarithm of current) over a.con-
siderable potential range, as discussed earlier. In these instances the cathode ofte_n again

17



E. McCAFFERTY

is the more polarizable. Figure 3a shows a schematic Evans diagram {381 for a bimetallic
couple under cathodic control. Other possibilities, however, include anodic control

{Fig. 3b) and mixed control (Fig. 3c). This last case would appmxm:late eariier treat-
ments [1, 2, 8] for £, = L.

Values of Wapgner linear polarization curves compiled {1, 2} from the Iiteratupe in-
dicate that £, is generally of the order of 1 to 10 cm while £, is usually 10 to 100 cm,
although there are exceptions. In data tabulated by Gouda and Mourad [15] for steel
in a variety of neutral to basic sclutions both with and without added chloride, the
cathodic slope |dE fdi| varied from 1.5 times to approximately 20 times the anedie slope
but with most ratios in the range of 5 to 10. Specific conductivities were listed for only
three solutions, for which values of £, are calculated to be 0.9, 1.9, and- 48 em, wﬁh
corresponding £, values of 7.5, 12.2, and 193 cm respectively.

TOTAL
CURRENT
I
£1.00} (0.00)
TOTAL
CURRENT
ih
EE ¢ ES
(togr " p.o0)
{e}
TOTAL
CURRENT
il
2 154

Fig. 3—Schematic representations of cath-
odie, anodie, and mixed control with
Lz fixed 2t 1 em in each case
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Bulk Electrolyie

For the calculations in this section, the anodic polarization para.meter is:fixed at -
L, = 1 cm. Figure 4 ShOWS the potentlal distribution E(r, 0) for £, = 1 em:and £, =10
cm for fixed values of E? = 0.00 V and EQ = 1.00 V. The coefficients C,, were calculated
up to Cygq using the system of 51multaneous equations generated by Eq. (35). These
simultaneous equations were solved using the CDC 3800 computer, and the coefﬁcmnts :
were then substituted in Eq. (41) to obtain the electrode potential dlstnbutmn “ Con— .
vergence was assessed by numerical evaluation, The computer program is glven 1n
Appendix B. s

Figure 4 also shows potential distribution plots for £, = £, = 1 cm and £, = L, =
10 em, caleulated from Eq. (55). It is evident that the potentlal behavior of the N .
electrodes with unequal anodic and cathodic polarization parameters cannot be deduced
from the two separate curves for the equal polarization parameters, :

The corresponding current density curves for the three systems are shown in Fig. b.
It is seen that the values for the case of unequal parameters are mtermedlate between the
two cases where £, = £, = 1cm and £, = £, = 10 cm. : '

ELECTRODE POTENTIAL, Eir,0) {voHs)

B N _ ——————g
L=1,L,=10 e
——————
ANODE CATHODE
E2 —0.0 1 ] I 1 i | I 1 ]
0 0.5 1.0
RADIUS, r {cm)

Fig. 4—Comparison of electrode potential distributions for
equal and unequal polarization parameters with bulk
electrolyte (anode radius ¢ = 0.5 cm, cathode radius ¢ = 1.0
em, E2 = 0.00 V, and E2 = 1.00 V)
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0B

ANODE CATHODE

a [
ol
g
E 0.4 -
123
=
(213
O
= L.
&
& e
2 £.=1L.=10
o 02y L
<
]
o
-
L [,=0.=10 s
r——o—-o-————o—'—o—-o—c *\ - -—
o
'E i 1 i i H H F H
] .5 1.0
RADIJS, r temy

Fig. 5—Current distributions corresponding to the
elecirode potential distributions in Fig. 4

Figure 6 shows the potential distribution calculated from Eq. {41) with n = 100
for a fixed value of £, = 1 cm but with variable £,. Corresponding current distribution
curves calculated from Eq. (42) are shown in Fig. 7. When £, = 1 cm and £, = 0.1 cm,
the galvanic couple is under anodic control, as depicted in Fig. 3b, and the electrode
potentials across the metal surface of both components are polarized up near the potential
of the uncoupled cathode,

When £, >> £, such as £, = 1 cm and £, = 100 cm, the system is under cathodic
control, as illustrated schematically in Fig. 3a. For this case, Fig. 3a predicts that the
eleetrode potential would approach the values of the open-circuit poiential of the anode
and the cwrrent would be much less than for the case of anodic control (for fixed L)
These expected trends are verified in the resuits of the numerical analysis shown in Figs,
6 and 7.
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£ —1.0

ELECTRODE POTENTIAL, E{r,0) {volts}

I £,=10
y
e L.=20
W
ES *UO{E ANODE l' -i" CATHODE l'
05 1.0

RADIUS, r {cm)

Fig. 6—Distribution of electrode potential acress circular
cells under bulk electrolyte with £, fixed at 1 cm, com-
bined with various values of L, (anode radius a = 0.5 cm,
cathode radius ¢ = 1.0 em, E§ = 0.00 V, and £2 = 1.00 V)

Results in Figs. 6 and 7 for £, = £, = 1 cm also provide a check on the'consmtency
of the present method with the previous relationships for equal polarization’ parameters.
Both current and potential distributions calculated from the set of C, resulting from Eq.

(35) with £, and £, both equal to 1 cm agree with the results obta.med from Eqs (65)
and (56).

One additional trend can be seen in Figs. 6 and 7. For this system. of: fix Ly, the

more polarizable the cathode (the larger £,), the more uniform the potential: _,_Id"'current
distribution. '

The total anodic current was calculated from Eq. (47) for the systems w1th £ flxed
at 1 cm with variable £,. Results are listed in Table 2.

The total anodic current can also be calculated from the schematic Evans dlagrams
shown in Fig. 3. For the anodic branch

E E?

corr a

I

corr

ldE
dI

(59)
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£, fixed at 1

0.8+

_§/é/

A

045

LOCAL CURRENT DENSITY, |ilr,0)t/c

! ! I }
0 a.5 1.0
RADILS, r{cm}

Fig. 7—Distribution of current across cireular cells under bulk

electrolyte with £; fixed at 1 cfh and combined with various

values of £c {anode radius ¢ = 4.5 cm, cathode radius ¢ = 1.8 o,
=000 V, and EJ = 1.00 V}

and for the cathodic branch

dE corr ~ ¢
o= (60)
ld! c Toow ‘

where I, is the corrosion current (the total anodic current referred to earlier as I, 4:.)
g A, and [, = { A, where 4, and A, are the area of anode and cathode respectively.
Use of Eqgs. (1) and (2) in Egs. (59) and (60) gives
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Table 2—Comparison of Total Current Calculated from Evans Diagrams and Erom Summa-
tion of Current Distribution Curves for Circular Couples Under Bulk Electrolyte anode radius .
a = 0.5 cm, cathode radius ¢ = 1.0 cm, E = 0.00 V, and EZ = 1.00 V)

Ioon !0, Iancdic'fa’;::
Lo °C‘-‘ Calculategnfrom Evans Calcul‘ated_"f-rom-
(cm) (em) Diagrams: Eq. (61) Egs. (35).and (47)
1 0.1 0.760 0._60.7:.'
1 0.589 0.485 .
2 0.471 0.401::.
10 0.181
20 0.103
50 0.0445
100 0.0228
10 10 0.0589
100 0.0181
100 100 0.00589 0.00.5_'3_9. :
fowe B - B e
Aa Ac

where again I, has the same meaning of I, 4. in Eq. (47).

Values of I, ,4ic/0 calculated from Eq. (47) are also listed in Table 2: These calcu—
lated values agree with the results from the computer analysis for £, = 1 cm coupled
with cathodic values of £, = 50 em and £, = 100 cm, where the current distribution is
uniform, as shown in F1g 7. There is dlsagreement between the results of the. Evans- .
diagram analysis and the computer analysis for those systems where there is a nonuniform
distribution of current, and this divergence is greater the more pronounced the locahzed
attack at the anode/cathode juncture.

Results for £, = £, = 10 ¢m and £, = 100 cm are also included 'in. Table 2
Current dlstnbutlon plots published in an earher report {1] were nearly uniform for the
" former system and exactly so for the latter. The current distribution for £, =10.cm and-
Lo = 100 cm was calculated from Eq. {42) and was also observed to be unlform (The plot
is not shown here.) Thus there is good agreement between Evans-diagram . analyses and
computer calculations for the cases where there is a uniform current distribution: "

Thus the classic Evans polarization diagrams cannot be used to accurately predlct

the value of galvanic currents unless the anode and cathode components each behave '
uniformly,

23




E. McCAFFERTY

Thin.Layer Electrolyte

Figure 8 shows the electrode potential E(r, 0) for £, = 1 em and £, = 10 em for
different electrolyte thicknesses. The coefficients C,, were computed up to €1y from
Eq. {50} and were used in Eq. (52) to obtain the potential distributions. The computer
program for thin layers is given in Appendix C.

Figure 8 shows that the potential distribution is almost uniform for bulk elecirolyte,
but with thin layers most of the polarization takes place near the anode/cathode juncture.
The amode center and cathode outer edge are virtually unaffected by the presence of sach
other for the thinnest electrolyte of 0.001 em,

The corresponding current distributions are shown in Fig. 9. The loeal current
densities were caleulated from Egs. {50} and {53} with n = 100, except near r = 0.0 and
r = 0.5, where 125 terms were used. For the thin layers there is a geometry effect in
which the corrosion attack is concentrated near the anode/cathode boundary.

T
B 0L ELECTROLYTE

THICKNESS
- b =0.001{cm}

0.5 —

BULK
— ELECTROLYTE

ELECTRODE POTENTIAL, E(r,0) (volts)

CATHODE
i 1 ; H t
0 0.5 1.0

RADIUS, ricm}

Fig. 8—Distribution of electrode potential for £, = 1 cm and
Lo = 10 cm for different electrolyie thicknesses {anode

" radius a = 0.5 em, cathode radius ¢ = 1.0 cm, ES = 0.00 V,
and E = 1.00 V)
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0.3

ANODE CATHODE

BULK
ELECTROLYTE /

LOCAL CURRENT DENSITY, |ilr.0)]/0

O—N‘

RADIUS, r {cm)

Fig. 9—Current distribution for £; =1 ecm and £, = 10 ¢cm
for different electrolyte thicknesses. The cell parameters
are the same as in Fig. 8. (Limits between which the local
current densities oscillate as computed from Eq. (53) are
indicated for the anodic points. Limits are not shown for
the cathode but are approximately half the range of the
anodic points)

Figure 10 shows the total anodic current calculated from Eq. (84) for fwd different
combinations of £; and £,. In both cases the total current approaches values for the ‘bulk
for electrolyte th1cknesses of approximately 0.1 to 0.3 ¢m.

Figure 11 compares the potential distribution for £; = 1 cm and £, = 10 cm to the
cases of equal polarization parameters: £, = £, = 1 cm and Ly = Ly ™ 10 cm for an
electroiyte thickness of 0.001 cm. Flgure 12 shows a smnlar curve for £, = 10 ¢m and
£c = 100 cm. In each case the potential distribution for the system of unequal parame-

ters is not related in a simple manner to the individual dlstnbutlon curves for each’ of the
two equal parameters. :
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s

0.2¢ ’
VALUE FOR BULK ELECTROLYTE~_

oo
g
,G:
[on)
=
o=
-
-
[
o
(=]

TOTAL ANODIC CURRENT, lynuic/o

L demdd

e e bl Lai Lo s
0.501 0.01 o1 1.8 I3
ELECTROLYTE THICKNESS {omf

Fig. 10—Total anodic current computed as s function
of electrolyte thickness for twa different combina-
tions of £, and £, {anode radius ¢ = 0.5 cm, cathode
radiug ¢ = 1.0 em, Ef = Q.00 V, and EZ = 1.00 V)

ES —1.0

ELECTRGDE POTENTIAL, Elr,0} {volts)
=
m

49

+
bt
=)

| CATHODE -
1 [ !

o] 0.5 1.0
RADIUS, r{cm)

Tig. 11—Comparison of electrode potential distribution
for equal and unequal polarization parameters for a thin-
layer electrolyte of thickness b = 0.001 em {anode radius
a = 0.5 cm, cathode radius ¢ = 1.0 em, EJ = 0.00 V| and
EZ =1.00V)
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2 ~1.0

0.5

£,=10, £, = 100

ELECTRODE POTENTIAL, Elr,0 lvolts)

CATHODE
J_ 1 | |
4] 0.5 1.0
RADIUS, r {cm)

Fig. 12—A second comparison of electrode potential dis-
tribution for equal and unequal polarization parameters
for a thin-layer electrolyte of thickness b = 0.001 em
(anode radius a = 0.5 c¢m, cathode radius ¢ = 1.0 ecm, EZ =
0.00 V, and EZ = 1.00 V)

SUMMARY

A mathematical model has been developed to describe the dlstnbutlon of po’oentlal
and current across circular corrosion cells having unequal anodic & # i’ Feulii i
polarization parameters. This analysis is applicable to systems of = M1’y galvamic
couples or to systems with a localized geometry effect, as in pitting corrosion.

The potential distribution in a system having unequal anodic and cathodig;pdlaﬂza—
tion parameters is not related in a simple manner to the separate distribution curves-for
the two cases where the polarization parameters are equal,

For bulk electrolyte the value of the electrode potentials depends on. whéther the
system is under anodic, cathodic, or mixed control. Current distribution is moére uniform
for the more polarizable combinations of electrodes. Thus the total corrosion.current .

calculated from the Evans diagram is in error if the 1nd1v1dua1 current dlstrlbutlons are
not uniform.

In thin-layer electrolytes there is a geometry effect in which the elecfrodg_;pb_lariza-:
tion and current flow is concentrated near the anode/cathode juncture. In a typical sys-
tem the tendency toward bulk behavior occurs at about 0.1 to 0.3 em (1000 to 3000
um),
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Appendix A

RELATIONSHIP BETWEEN THE ELECTRODE POTENTIAL AND THE
ELECTROSTATIC POTENTIAL AT THE METAL/SOLUTION INTERFACE

As pointed out by Bockris and Reddy [Al], it is impossible to measure the electrode
potential of a metal/solustion intérface without introducing additional extranecus inter
faces during the measurement process. This is iltustrated in Fig. A1, where the electrode
potentiais of the coplanar anode and cathode are to be measured versus the reference
electrode.

o 1
\_/

CONNECTING WIRES
- M) >

REFERENCE ELECTRODE

. - {Ref) -
SOLUTION

CIRCUIT 1=y A | CIRCUIT 2 e

—— e s i e — b Sn

Fig. Al—Method of measuring the electrode potentials of &
. coplanar anode {A) and cathede {C}

In circuit 1 the measured electrode potential of the anode E, vs the reference
electrode is related to the potential differences across the various interfaces by

'

(g4 - P, O)] + [P(r, 0) - bper} + (pes -9urt) = E,, (A1)

where ¢, is the electrostatic potential “just inside™ the metal A and P{r, 0) is the electro-
static potential in the solution “just outside” the metal {A2]. Similarly ¢p,¢ and q&M;
refer respectively to the electrostatic potential just inside the solid-phase reference elec-
trode and just inside the connecting wire.
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According to Bockris and Reddy [Al] the potential difference across a: nonpolarl-
zable interface such as ¢p.¢fsolution is a constant, so that

ba * P, 0) -~ Ret * (Pper-Ouy) = V', 1 (A2)

where V' is a constant. Use of this definition of V' in Eq. (A1) gives . . '
V' -Pr,0) = E,, 0<r<a
Similarly measurement of the electrode potential of the cathode E, in circuit 2

(84 -9c) + e -P(, O] + [P(r,0) = buog] + (Drer-Ont}) = EJ:.

The ¢, terms in Eq. (A4) cancel, so that

V' - Pr0) =E, a<r<e. S ARy
Thus
E,, 0<sr<a
V' - P(r,0) =
E, a<r<ec

Or denoting the electrode potential along the metal surface as E(r, 0) givés‘

V' - P(r,0) = E(r,0), ‘ SR ‘i(A‘?.)..

which is Eq. (10) in the main text
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Appendix B

COMPUTER PROGRAM FOR COPLANAR CONCENTRIC CIRCULAR
menzs WITH UNEQUAL POLARIZATION ?ARAMETERS
: 'UNDER BULK ELECTROLYTE

FREGRAM YNEABULK

Tuls PyagRaM UEFFLTES
" (1) CLRRENT CISTRIBLTIEA
t2) PETENYIEL TISTRIBLTIEN
€3} TET4i, ANGTIC CURRENT
FoR CONCENIHIC CINCUL AR ELECTRECES CEVEREN RY FULK EL‘C?RBL?TF
Efh THE CASE WWERE ARELIC AND CATROTIC waGNER PELARIZATIGN
FAHAFETERS AHE KEY EQLAL,

AzkaLlys Uk aNgLE

CahaDlys oF CATRENE

AElIOTANGE ALDNG RADILYS

KRzR/C

LATANGDIC wAUNER PELARLZATIEN FakabtiER

LCITATHEDIL wAGAER PELARIZATIEN BahaMETER

XiFeMTh Jefg oF RESSEL FONCTIEN €F &RDER JARD

Fil 0 aINTERFACIAL PETEATIAL ALEAG ThE METAL SJAFAGE

EtR, QraPaleNILoELECTENE PETENTIAL ALENG TME METAL SURFALE

EtH, 0 aC@UsTANTF (R, 0}y WITH THE CEASTANT SARCELLING 3yT IN 7ﬂE
FINAL mXPRESSION, 59 CEASTAANT IN EFFECT paN BE SET EOJaL TE IFRA,

The CHEFFICEENTS 0 ANL CSUEN ARe LEFINED [N THE ¥OLLIWING FQUATIY

«
FiragY = L & 5LF (£ . (XIN)as/C))
3 nsl nT

PTETALaTRTAL ANELIC CLMREMNT DIVICEL 6Y THE CONDUCTIVITY
ILECALRLBCAL CURRENT TENSITY TIVICED BY TME CONDUCTIVITY

REAL LASLGITOTAL, {LECAL
CIMEASION XTL00),v0100,30C2,8¢100,1C07)
FlaZ, 1419926936
k=100
1 REAL 1Q,AeCsLA,LL, B4, FC
17 #oneat tatis,. 92
FRINT 11,h,0,LAsLD,Ex,kC
11 FORMMAT (2M1,0%,2FAs F10,5,9%,5kCs F10,5,9X,3HLA= P10, 5 b:,GHLﬁt Ft
10.5 5%, dnban F13g5-52.3$5£' Fi18.5.7444)
FRINT 12
12 FERMAY f34,subntRATIEN EF THE 5?‘1&? EF §I¥ULTlhEHuS tgunriahﬁ UsSE
1L te SAiLvk Fan TrE CEEFFICIENTS CO AND ChupNs, 274}
FRINT 13
14 FORMAT {IX,eNGT ALL ?kb CCEFFICIENTIS S8 bFNFRA?&B ARE LISTEDN agLex
i14,77)
FRINT 314
14 FORMAT (L1X,%AS A pgn:xa; CHMECH s wWREM haM, THE VALUE BF BiM,N) IS @
1{VEN HY PO, 77773
FRIKT 315
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15

15

20
21

22

30

31
32
a0
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FORMAT (HX,aMe, 9!.-XIP3‘a1dxaOP‘O14xi'Y'P}'c11!"3("11)'010¥I‘B(H0
110)e, 9%, 0BtM, %0 0, 8X,s0tF,100)*,/7/1}

THIS PART BF THE PROGRAY EtkkRATES THE SYSTEM 3F SIMULTANESUS
EQLATIBNS USED IN SOLWING FER 1rE LEEFFIGIENTS CG AND CSUBN,

«PkCE]L

NBzK

CALL BESZEW® (JERC,NE,X)
Ee 40 M=31,

TisX{M)/C

1281, 0+ CaT1)
T3zRESYtA(M) ,0)
Taz{T3ee21,2,0

15=Te*T4

6zX (M) /C
T78RESJLT6,0)

182HES (TS, 1)
195(T7e¢2)+(1Hweg)
1102 ¢ (L A=LCIOXEMIOCCA/CIn*2)oTS) 7 (€, 00C) )
FeTheTyl '
Y(F)S~(EA-EC)®(A/C)®(THZXIM))

hz]l

IF (N,EG,M) 21,72

BI(M,N)=P

Ce TE 390

112=2X (M) /X{N)

T1321.9/(1,3=tT1cee?)}

T14zX(N)eh/C

115=bESJ(T14,1)

T16sEESJ(T14,0)
T172(T15aT7)={TI1CsT16TE)

E(F N)elLALCYn A/ (Con2))aT13eT17

G® TE 30

h=h+l

IF th,LE,X) 20,31

FRINT 32,M, XM} F,v{r),EqF, 1),k 0F, 10} ,BEM,500.3(M,100)
FERMAT (33X, I4,7t3X,E12,5))

COAYINYyE

SELLTIGN OF THe SYSTEN EF X SIFMLLTANERUS EQUATIGNS
FOR The CAEFFICIENTS. CSLEM

THE SUBRBUTIRE KEPLACEYS Trt CENSTAANY VECTSRS u:tn ruE saLuTIGN
VECTERS, THUS, TWE CENSTANT VECTRRS Y¢M) DEFINED [N STATEMFNT 19
ARE REPLACED HY ThE SELLTIEN VECTEKS. ThESE S3LUTIBN VECTERS
ARE LATER HELABELLED &% CSUEN

CALL MATALG(B,Y.100,100,0,DET,1G0)
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CALCLLATEUY OF YRE CEEISICIEn® £o

FHIAT a1
41 FOARNMAY L2004, 1n%ae£&a€t;t?sek £ TRE CukEFICIENT UDw, AT

FRINY 42
4 FARPAT Taa  BMSFLLYTIER s S sid0y XA/ L Y, 40, BHYINI 22 %  TAMRURNEY

16 SuLF 9

FRINT 43
a3 paneat tans.?nv‘tflﬂi.it;?ﬂllﬂl'!/Cr&x *1e,15%, QN'BESSEtiirSR.9HTF

1thAMIERES )

FRIXT &4 )
44 FRRMAY {glr'N‘tgll'!CNl‘r!llt"lﬁ}‘tlcxi**Nib‘vﬁiln'&:SQELi"%xl*7

LERMIERG* L0, *L e TAL Y 7 2])

LTETAL2D,0

Lo 44 ‘%!3 1

ANACSKEINI*A/D

BEESSEL1ndes XAl 1Y

TERMZERBEYIN)SPELSELY

LTETALaITETA +TER»ERE

ERIAT 45, R, XINF,YINONSL, BRSSRL T, TERMZERD, ?Tn?lL
45 FONRMAT (35X, 14,620,652, .
44 iﬁkTiVui

ELE{iAsC el e

Z2ati.u~tiAGIeegYROoRL

L32LA/(ConeZ1 )0 7 Dol he Oy inZVRTEL

FRINT &7,44622,22
&7 FOWMAT :;f;f.s;. IRELE €139, 503020t E13,5,5%, K24 B13,9)

COReglaZdess )

ERINY 48,80
48 FERFAT tli!!.bl;EPCﬁl t1§,2%

CALCLLATESEN oF ThE TETAL ANEQML CLRKENT

ERINTY 20 .
70 FRRrMAT t;ftf,inl.t:k;CkLA?liﬁ & 1r& Tatai ANGDIC CURRENT®, 77}
FAEIAY 21
71 FEKMAT cx;,-;vaxa;argtsL awsuf: CLRRENT LIVIDED H® THE CEAQUCTIVET
tye, /714
FRINY 22
7z FONMAT 143K oMRINYORZC ek R REN, fiihT*ﬁfﬁi:SI;Iiﬁt;c'Pt#i*ﬁhﬁ¢”I
FRIWT 73
Tg EEnMal %az:.oza.:::tgrs;tcse;ti}
FRIKT 74
74 FRHEMAT ;91,*‘*;9;,4!!!!s;;;!,.;‘&ﬁ&a;igx,*xnac&fzaxw;4§S>FL}*,%xr*
t1RRMETEeayk, e;?t?lht.ff)
[TETALLE,d
LB 7% sian
xhiCaki&jiifﬁ
BESSEL1sAPSJIXNAL, Lt
LSLEABTIN?




aaaa

aanoa

7%
79

20
61
810
all
812
ail

820
a3

84
Bb

-1

a7
£y

S0
51

92

92¢
921

1ive,7/1)

1TERMILOCH ¥X, ‘iLECALOnfli

1FACFe,// /)
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1eRM}TRT=2, u'PI'A'CSLEN‘BEb‘ELl
lTSTAL:lYB?ALOTFRPITCT

FRINT 75,N,X(N),CSUBN,XNAC) EE*bkLithFMITGT.lTBTAL
FORMAT (3X,14,6(3%,E42,%))
CONTINYE

i

CALCLLATION GF THE LGCAL CURRENT CENSITY

FRINT B0 N - .

FORMAT (/7/7/;1H1+oCALEGLATIEN €F TRE LOCAL. CURRENT DENSITYe,77)
FRINT 81 P
FORMAT (4X,*]LOCALSLECAL CURRENT CEABITY DIvIDeD BY THE. CAADLET]

REAL 811,RCUT

FORMAY {F10.0)

REAT 813,RR

FOKMAT (F10.0?

IF (RR ONE.RCYT)Y £820,9¢

FRINT 83,RR ST
FORMAT !/I!/ 3%+ 3IMRRs FE, 2]

FRINT 44

FORMAT {49XsbBHXC(NYOR/C pEX,12H, cx«h)tﬁ/C).ax.lbutlfC)-chRN~XtN
FRINT B85

FORMAT (§0X,#0%,14X,9F*EESSELZN)
FRINT aéb

FORMAT (HX, =N, ﬁx.-x(h|o.11¥.-L=Lﬂh--121 'NNHL'n10X;~RESbFL2':

-

i

[LECAL=z0,D

L8 AG N&l.K

ANRCEX (N )*KR

BESSEL2SHESJ(XNRC, Q)

CSVENZYIND
TERM]LECE(1.0/CYeCSUEN X (N }PESSELE
ILECALs I WCAL*TERMILEL

FRINT B7,N,X(N),CSURN, thc.95=5EszTkEMIan ILDCAL
FORMAT (3X,14,6(3x,E13,%))

COENTINYE

G TE Bi2

CALCLLAT[SN WF THE PETENTIAL FI=T=IbLT1@k
ALENG THE METAL SLRFaACE

“
0

FRINT 91 ' ‘
FARMAT (////,1H1,%CALCLLATIEN EF TRE FQThNTlAL DISTRISUTIGN-:III
FFINTY @2

FAKMAT (X, *POTENY SE(R,0)SELECTRELE FOTENTTAL ALONG THE METAL

REAT 921,RK

FORMAT (F10.0)
IF (RR,NELRCLTY 536,100
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230 FRINT w4, 4R
Q4 FORMAY (777, 3X3nRHT FE
FRIKT 98
85 F@RM:T (45X ) BHEINYSRIC EX, 12H, (XENIRRACH, 19X LAHRUNNING SLM aF )
FRINT gh

96 FORMAT (60X w00, S3X,;i4RCSLBARRESSELZ2, 3 IHTERMPETL =, 7Y, 12R=C0-5LM

LEOTLe )
FRIRT §7

G FORMAT (SX, aN®, Ix, oXih)e, 100, 2080 BA, 12X, «XNRC*, 10X, »3ESEFL2n, 8,

TTERMPOTL &, #X oSLMPET L # oK 2P TEMTL*, 74}
SUMPETL=(0.0 ’
L8 98 NEi:%
XNRCX R j*RR
‘BESSELZERESJIXNRL, ()
CSUBNEY NG
TERMPRTLaCYUENCSESSELZ
SUMBET sSUMPETL+TERHPETL
FOYEATL  =«{CO#SUNMFETL Y
FRINT Q8 N, AthT  CSUBR XART(ERSSEL2 TERMPETL, SUMPETL PETENTL
98 FORMAY (4%, 14,703%,512,51)
$¢ LBRTINYE
Ge TE g2
109 ExE
SUBREUTINE BESZERS{JERL JNE(2ERE)D
PPENT NUMHER - C3007R0O0
TITLE « ZEHOS of THE EESSEL FUACTIGEA "EF THE FIAST KIND
iCERT NAME « C3i=-hNR-BF5ZERY
LAMGLAGE - 34A00/34800 FRRTRASR
COMPLTER = CDC-3E800
CANTRIBUTEH = JAKET F, waSw@h, LELE 7813
RESEARCK COMPLTATIGA CEATEH, MIS DIVISION
ERGANIZATIGN = NRL = MAVAL RESEARCR LAHERATARY, '
WASHINGTEN, [.C, 20390
CATE = 1 July 1974
FUKRPESE « 10 FIND THE FIRST M. 4ERES EF JOUBN{XY FOR §SNED, WhERE
M |5 SLPPLIEC, EY Tek LSER, [& THE SJBRUUTINE CALL
DINENSION XJABE4)  xJat {3} i X AZLE 1o RJATLE ) XJAMIET A5 191 JERBIL]
CATALX JAQ=Z. 4 48255%77,5,52007¢61103,8,45357279129,11.791534439),

G OOOOOaOooOe .

{XJAGRHE, 7744B38,42,2386042,15,7001744,48,9801339,22,2177999,
25,4353411, 5708, 62681F8,31,8117187,34,98878137
FIz3,1415926538
FELEE4, OedgRU*JERE
TBR TE {1,2,3,4,%,8) 6601
1 £8 11 f=1.n8

1 (X h3e3, BILTLSOTLE, 7, 0150868698, 10 (73468135,

- (X ja2eD.1358223,6, 8172441 ),

X (XGAZEH, SEQLE1¥,. 9, 7810231, 13, 0152007,14,2234440,17, 4074144,
4 22,5827295), '

5 (X E437 ., 7843427, 11, 0647095, 14, 5725367,17,61596640,2¢,8269430,
& 24,0190195), '

7
8
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go00010%
GoooGLins
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gogogigh
gantgioy
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$39901411
g0G0011?
gooipagn
10000300
goQgddenn
000005040
goongbgn
gg0087ge
00008g0
gootgYan
gogo1080
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goonizan
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11

12

lg

14

i6

20

ie

(FAL1,GT, 4060 T
LERELI)=xJAT(L)
CANTINYE

RETLAN

LB 12 [34.n0
IFE1,6T. 360 T8
LENE(]Y3XJAlt])
COATENYE

RETL.&N

LF 12 121400
IF(L,6T,2)u0 To
LERECTy=xnJa2¢])
CRAANTINQE

RETURN

LR 14 [=21,N0
IFLL,GT,6)G60 TO
2ERG(yaxJadS(l}
CANTINYE

RETLRN

LB 15 [24.N0
IFC1,GT,8100 To
LERG (L aXJadt])
CEATINUE

RETURN

LG 16 I=1.na0
IFC1,6T,9168 Ty
ZERE(1)=x4a5¢( 1)
CONTINYE

RETLRN

NRL REPORT 8107

BETAR(PI/4,v)*(2, ocJLnBod 0+1-1,0)

h1i=BETA®3.(
w2shlsinl

JERE (] Y2HETA={HELD=1,00/wls{1;0+1.0/Ww2ald, 0u{7,0uHALD=3L,n)/d, 0
yCerOLDeFELT =982, u-HOLD05779 0)/3%,0
2 v1,0/wleipd, 0-ta949 CarQ@LLek= Lt‘PDLL-1538:b UsHBLD*HOLD

1 *1,0/w2el 32,0082

3 ¢1babr43 GerCLD- 6477:&? rys102,0000)
GO TE (11412,13,14,15,16}),8RD+]

ENL

FUACTIGN dESJOXM)

CATALAQ=, 282784494786 ), (R1=-,¢kB5Z659891E/),(R23.38831317263E61),
L{R3z=,9Y097H674277E4)  (R4z ,108206S4SF3Y, tRSz-,734853359351), '
2(R6=,29212672487E-2)  (R7a- 6505017057 1E~9), (RR3, 64538013051F'“)0
30SQ=,2827944947EE),(51¢,210655747743E6), (922, 70046825147E3)
4{AQ0=e,5323420902E2),(81=4,2217704118k1 ) 1A2=25,2443314672E3)r

5UHQz, 44BB4294996E3), (F12,75322048575E2) 4

A(CG=E=1,2359445551F 1), (C13-2,77CE21055)(C23"4, 95171991?it~2ia =
TiD1= 4100354DZJP4).fF 64,14(Gz4,72256648E21), g

FtPG-.17490u1525c53). -
ALRNQZ.98QHY2749SGE7), thRles, 11425325721E7), (RR2=,40946213625E85),
Y{RRIz~, aosoJ1199§6&5},::ﬂq-,57b7ﬁ414015F1),(RR:--.27904475519F £, BPS-

0691602

coccaror

o 09002%00

£LooA9LY
geenaéon
R Y
il h Pl e
£309&3cr

.o phagnaegn

3200%5¢CP
eronzeon
EPLAE

1TorEBet
2C9rE90

gcocdogn

LOLSLD
cigbda0n
9101733¢r
elond4oen .

- 30003560
0aQ0N3&ELH: -

0303370N

CEIYIRE

s.d7d9C”
JoEfarst

- plpnaLce
. 65604290
gognadan

Coga4Agn
£3074900

‘CLEASTIN

a~zesice
€c97520n

.. bgon33o0

gz35d
BT5J
aF 8y
BESJ
BRSJ
aFsJ
T )
EF S
BkSJ
d@+-35,
Brdu
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CURRAN 734931421116 -4), (RRI %= PAI0EEZ1E4LE+TY,

E{(5s0s, 1981745499 1E8], fh‘it|16?11&?51E4té};{SS?liéﬂ??Izﬁﬁii?Edi;

FlRBD®, 6285008506 31E3), (MBL= , 973000F4628E2),
FIREOe , 2318542833163 (LR 42 (465471276292,
G(AADSS S4518YY973ER), (AA1=5 5544843021k1), (AAT6,5223084285E~17,
RECUOEY, $UP2345276E4),(L02eY, TI4R06ET64), (0C281, 77255791458 1)
Laxex
IFeN,EQ,0) GR T® 8 3 TFeh, 60,010 as Y8 ¥ s GO TE B
ifiﬁ-iii,i,E
PEl(((HBODeRTISTIREI ST +RHI*ToR4A )L 1 P:t(tP«RS)'D*RZ}'n*R1}tLtRG
BESY 2P/LCLDSZI0D4R 100050} § RETLRA
IF{D,6T,6) 68 76 ¢
A=1H5(x1 s Dak /0
FR{{‘2#5##1}tU*iG}{f(ftEi}ffiiﬁ}
L ((C2eDeCLYeD+00 /LA ((DeDiIel+L0)Y
EES 2CER{AYOIPeRI+SINtAI*IP=L}}/B0RT (4}
RETURN
JR{T-Fi11,21,21
F!(((f{fHﬁ?‘ﬂ‘Rﬁti'ﬁiﬁﬁ‘}tB*RR4>*E*HH‘}-B*RHZIiﬁqwﬁiitﬁtaaﬁ
BESJEXePAL{{D*SST 0SS )¢ U+8EGY § KETYRN
[F(r,6Y,Gy Gy T8 ¢ S D
A3ABSIX) & DeF/T
Fe{laAgopvraAL)«T+ 40/ ({D+EFLI YT +BED]
Gl (CCaolsCLLoTeCCOY /(AR iDL sLella))
1T 5&5{;}:%&-91&5!&;;1.cc¢9111=aﬁ?!&} F IF(X T Uhmed
EESUmA
. RETURN
i FRINT Bi,N
Fnﬁvchilib!*kHRﬁﬁ IN BESL N luIS;
Gm TE 100
FRINTSL, X
FREMAT (/240X aERRER TR BES.r ARGLMEAT X TEA LAR3E, X 2 v&i? 16}
aEsge1,E4808
END
SUBREUTINE MATALGCA X, AR,NYV, ICE,ERT INAETS
LIvERSIUN A{NACT, hACTi:!(LACT RACT )
IFLITAY 14201
LB -3 Isi NH
Lm 4 in,ww
Xt} wdal, G
3 Xtl,ire1, 3
hyehk
FAR AR L W
hHfshiel
£8 5 Kai,nHi
iRjak+y
Flymi=p,q
Lo & Isi,nNu
LABLF (A{L %))
[F(Z-PIUATY h,6,7

38

BESY

BESY
BESJ .
HESJ
8ES4 -

BESJ
BESS
BESS
BESY
FESS
BESY
BESJ

" BESJ

aesy
BESY
BESY
BESw

JBESJ

BESY
RESJ

BESJ -

BESG
BESJ

BESJ

§ESJ

- BESJ

BESJ
BESJ
gESJ
B8ESY
RS
BESJ
BESL
BESJ



14

1%

1e

17

19
1k
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Fivatsyg

IPkz]

COMTINUE

IFtPivaT) 8,918
LET=0,0

RETLRN

[F(IFReK) 14,11.10

[® 1 JeKeNR
2=A1PRY?
AUIPR,JIBA (K, J)

ALK, )3l

LR 13 J=19NV

22X [PR. )

X{IPR  JYaX({K,J)
l(K.,l:Z

LETzelET
LETwLEYopin, k)
FlveTe) /atk k)

Le 14 J=lH1.NR

A{R, YsA(R, JYePIVET
Ca 14 [=s[R1.NH

Al eizb¢l  Ji~Ali K1ea (K, )
Lr"' 5 Jll'NV
IFIXIK, )Y 15:¢5,1%
X(K..)sX(K;J}OPlNET
LB 1& )=]RLNR ’
XClowlzagl  Jiwat g douin, !
LONTLNYE

[FCACNRINRY) 17.9,47
LETzLET*A(NR N/
FIVETEYL , 0/7ACNH, NR)
Le 18 Jsi,av
XIAR,,J)=XUINR, J)sF YD1
[# 1k Keg,nNRL

IsNR=K

sursQ. 0

L8 1% Ls].nRY
SUMzSUMeAT L Leidoxilels,)
RéLaw )Xl d)=ulr

ENE

39
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Appendix C

(ﬂiﬁﬁﬂf!ﬁﬂ!!ﬁ@ﬂfﬂ{ﬁé&!ﬂ)?:£Il?L£E§A&t(XEN(E§§i§§E}(&EI&?LAU&
ELECTRODES WITH UNEQUAL POLARIZATION PARAMETERS
- UNDER THIN-LAYER ELECTROLYTE

FREGRAM UNEOTHA .

1815 PRAGRAM CH¥ELTES
{13 CLRRENT LISTRIBLTLEN
{21 PETENTIAL DISTRIBLY[EN _
, t3) TBVAL AMNGDIC CURKENT ) ‘
$0k CBNCENTRIC CIRCULAR ELECVRELES CEVERED RY THIN-LAYER FLECTROLYTE
FOR THE GASE WHERE AKEGIC ARD (ATRELIC wAGNER POLARIZATIGN
FAHAFETERS ARE AET EGLAL,

AzkALIyS 8¢ ANGDE

CeHALIYS aF CATHELE ,

e ISTANGE ALONG RADEILS

BLENGTH=THICKNESS @F ELECTRELYIE LAYER

&RaR/C

LATANGDIC wAGNER PBLARIZATIEN FARAMEIER

LCSCATUBDIC WAGKEW PELARTZATIEN FPARANETER

${x33MTh ZERE OF BESSEL FLNCTIEA E€F BRDER JORD

PR, O aINTERFACIAL PETERTIAL ALENG THE METAL SJRFAGE
BIN,0)aF@TENTLRELECTErE PETEMTIAL ALEFPG THE METAL SURFAlE
ECR,QYsCONSTANT=F (R, WITH TRE CEASTANT SaNCELLING 3UT IN THE
FIAAL EXPRESSIEN, S& CEMSTART 1N EFFECT GAN BE SEY EQUAL Y6 4ERE,

IHE COEEFICIENTS €O ikﬁlCEHEN ARE LDEFINED IN THE FRLLINING EQUATLIEA

* .
FCH, 01 = C + Suk 0 . tXINYeRALT}
& Nzl L W ‘

ITETALsTHTAL ANELIC CLKREAT DIVILEL BY TWE CGNDUGTIVITY
1LECALSLBCAL CURRENT LEASITY TIVITRD Ev THE CBNDUCTIVITY

REAL LaolGoyITOTAL ILECAL
BIFENSIEN x{300),YC20C,100),8(200,100}
FI=3,14315926038 : _
®ziGy
1 REAT 10.& L BLENGTH,LALEEALEL
10 FRAMAT (7F13,0) :
FRIAT 1104, CBLENGTH, LA LEEALEC
1] FAREET {1H1.3%.2FAx F10.5.5%,2703 F10,5,5%, hB ENGTH: F1G,5.09%,3HL
1A% F10,5,5K,JHLCs F10,9,5XIREAR Fi0.5,5%X3HECE FL10.5:/777)
FRIAY 12
§7 FONMAT (1X,vGENERATLIEN EF TeE IYETER EF SIMULYTANESUS EQUATIGNS USE
$L 16 SpLyk FoH TRE CEERFICIERTS CO ARD CHUBNe /77T
FREAT 13 _ : ]
$3 FRGPAT (1X,eNBT ALL The CFEFFICLIENTS Sg GFNERATED ARE LISTED BELEs
1e,07) '
FREAT 14 _
14 FBREAT (1X,*AS A PARTIAL CHECK, WFEM AsP, THE VALUE 8F BiM,M} IS R
1IVEN By $=,2440)

40
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FRINT 15
15 FBHMAT (59X, -n-.ex.-x(r)o.151.cp-.1nx.-v(r)-.111.-B(H.1)'-10!..Ben.__
11039, 9X, el (M, 50)8,8X,»E(M,100)1%.//) L

THIS PART WF TWE PROGFRAF CEAERATES ThE SYSTEM 3F b[HULTlNEQUU ‘
EQLATIGNS USED IM SOLVING FER 1RE CEEFFIGIENTS €O AND CSURN..f ;13

wBRLSL
ANEEKR -
CALL HESZER® tJFFt NE, %)
LO 4 M=1.K
XMECSX(M)sBLENGTE/C
STAHXMECE [EXPL{XMEC)-EXP(=XMECY) /2.0
CESHRMBCE(EXPIXVMEC)*EXFt-XMPLY) /2,0
TANHXMBCaSINRXMEC/COSHXNMBC .
T1aX{H)/C
121,04 (L CoTLeTANKXMECD)
TI3=BESHIX (M), )
T4 T3ee2) /2,0
T5aTz+T4
ToeX(My=A/C
T73BESY(TE,0)
1BEEESYLTS,1)
1921 7e22)4{1800Z)
T10= (L AwLCYaX (M) ({A/L)Yoe2)sTGsTANKXMBCY/(2,00C)
FeT1%+730
19 YU(MIs=(1 O/COSHXMFCYetEA=FC) o (A0 N LIB/X(M)Y
hel .
20 IF (N.EC,M) 21,72 :
21 B(F NP
GO TE 30
22 VT12«X (M) /XIN)
T1321.0/7¢1,0-(T1ges2))
T14a)xtnN)eA/sC '
Tivsbksw(T14,1)
T16sHESJI(T14,0)
T17:(T15eT7)=(T12sT1618)
XNECSX (N )*gLENGTF/L
SIAHANBCO{EXP{XNEC)-EXPL=0NECY) /2.0
E{M NIl AeLC)istA/{CunZ))n(], GlCEﬁerFC)0T130T17051NHKNBC
Ge TE 30
30 A=zhel
1F th.LE,X) 20,31
31 FRIAT 32,4, X{M)aF Y IRYB{¥ 1), BN, 10),H{M.50)s3NM,200}
32 FORMAT (8%, [4,7(2%,E12.%))
43 COAT]INUE

SELLTIgh HF THE SYSTEM EF K SIFLLTAREEUS FQUATIGNS
FBRR THE CHEFFICIERTS C3LBA
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E. McCAFFERTY

L]

THE SUBHRDUTINE SEPLACES THE CEAETANT VECTORS WITH THE SOLUTIEM
YVECTERS, THUY, THE CENSTANT yECTI®KS Yt} DEFINED [N STATEMENT 19
ARE REPLACED BY ThE SELLTIGN VECTGRS. TRESE SILUTI6N VECTERS

ARE LATER RELAHELLED AS CSURN, :

CALL MATALGIBsY,100,300,0,DET,100}

CALCLLATIEN OF THE CEEFFICIENT CO

laR el arraon

FRINT 41
41 FAHMAT {7//7,1H1 ,«CALCULATIEN GF TFE CREFFICIENT Cn-;i!i

FRINT 42
47 FORMAT (28X, BHSELLTIER 23X 112k ixtkl'ﬁf;);2:;1&H5iNHfoN}tg?x 134

LY (M) *SINWANHG 3, 14HRLAAIAG SLF EFJ

FRIAT 43
43 FORMAT ggax,ynvgcfaﬁs.eisﬁﬁrtxi-ﬁn:.ax,ti*;t?x,mHat_t’éﬁ?#fah?x.%w

1eRESSEL 18, 7XFHTERMIERGs )

FRINT 44
44 FERMAT (SX,one, 0%  wX (R0 i IXaw YN IN L2 X e wXNACY, 11X, ¢BESSELLr /19X, 25

LINFANBCe  7h o TERNM7RRE 10X, 0 ZTET AL, /S

ZTETAL=0, 0

E& 46 N2k .

XNACTXCNI®A/C

BESSELL=ubSJIXNAC, 1Y

ANBOSX (L ysulENGTRAL

EIARANBCHlEXPIXREC ~EXP LaXNECYYAE T

TERMLERESY (N ) vaESSEL #SINFXRES

ZTETaL=2TATAL*TERVIERE

FRIET 4%,N, x;ﬁi,?tn%;xkit;ata*tii.Sihhx%uC.?hH%Zkﬁﬁoz¥a?*t
45 FRRMAT (3%, T4, 7¢3%, B335
a8 LENTINYE
. List(A/CyenZyegh

221 . O=tiA/C ey gL

IF2CA/(ConZT o2, 0l a=LCToZTETAL

BRINY 47,742,138
47 FERMAT {p///,5% 30817 £13, b.b&;z#z:- E13,5,5%: 3H2ds E13.5!

Llz=fi-73-43

FRINY 48,C0
4 FRHVAT L/77/,5%,3000s E13,5)

CALCLLATION @F THE TETAL ANEDIL CLWRENT

(a2l sl el

ERINT 70
70 FERRMAY (2424, iR *CALCULATICN &F THE YpTal ANGDIC CURRENTs,//}
FRIRT 73
71 FORMAT (1X,*ITUTAL=TETAL ANGLIC CLRFERY LIVIDED BY THE CENCUTTIVIT
1¥e, /771
FRIKNT 72 .
T2 FRRMAT (ibxndHX€N}*ﬁi€séx 12H. (XTNI#A/C) 2%, 10RSINHIX (NI * 7X, JARZ
I;G'F’I'A'CSUﬁ&i
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aoaoa

7s

74

7%
7%

eo
81
810
811
812
814

820
B3

B4

ay

ge

NRL REPORT 8107

FRINT 73

FnéPAT (00X ele 17X, 1ONELENGTR/C) ex.17h-91NHxvac-gessEL1:
FRIKT 74

FORMAT (bxa‘N‘aglutX(h)'nilln'C‘LEN'n11X.thAC--11x.-BE§5&L1',9X.
1SINHXNEC o ¢ 7X ¢ s TERMITETw , SX, «11ETAL" 2 /) :
ITETALaD,0

Lo 74 N=1JK

XNACEX(N)Y®A/C

BESSEL1=HESJ(XNAL, 1)

CSLRA=Y(N)

XNBCEX (N)*HLENGTE /G
SINKANBCBLEXPIXMNEC)-EXP(~XNEC)Y ) 272,0 R
TEKM]ITETEZ2 ,IwP [ *A*CSLENSBESEEL 10 S INRXNBL o -1zﬁ~=
LTEYAL=ITOTAL+TERM][TET '
FRINT 75,8, X(N),CSURN  XNAC 1 EESSELL s SINHXNKC, TERMITRT, lvmtaL
FERFAT (51’,[4;7(")( E1 IJ))

CONTINUE

CALCLLATIUN BF THE LECAL CURRENRT TEASITY

FRINT &0 ‘
FORMAT (///7/7,1H1+*CALCLLATIFN EF TRE L@Cal CURRENT D&vs!Tv-.
FRINT &1
FORMAT (1X,»]LUCALSLECAL CURREAT CENSITY DIVIDED BY THE caunucra
11Ye, /773

REAT B11,RCUT

FARMAT (plo.o:

READ B13,RR E oo
FORMAT tF10.0) _ I
IF (KR, NE.RCUT) E20,%C : T
FRINT g3,RR

FERMAT (/777 ,3X,3RRRs k5, 2}
FRINT 84 P
PORMAT (49X 8HXIN)YOR/C ) EX 12K, (XINIRR/CI 2%, JOHSINH(N (NI o, TH ) 16H
11/0YeCSLBNaX (N} A A
FRINT &5 e
FORMAT (60X, o0®, 17X, 1CHELENGTR/L) X, 17H*SINHXNBC*BESSELZY
FRINT g6 : .
FORPAT (LK, *Ne, 09X 0X(N1e, 11X, *C‘LE'\'nizk;-xnm,u10x.-SESSEL2‘.9!.-
1SIANBXNGC ey 7X ,# 2 TERMILCC* ,SX, wTLECAL",//)
ILECAL=0,0

LE BS N=l.k

XNKCEX (N )wRR

BESSEL2=BESJ{XNRC D}

CSLENZY (N}

XNBCEX(N)eHLENGTR/C
SINRXNBCI(EXP (XheC) ~EXF {aXNEC)Y) /2.0
TERMPLYCE (1. G/CHeCSUEM o X (N )*STINFXNBCwERSYEL 2
ILECAL=ILBCAL*TERM]LEC D
FRINT B7,N,X(N) CSUBNXNRCLBESSEL2,SINHXANRG, TERM]Lac,lLﬂcAL S T
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L

B7 FERFAT (3X,14,7¢3X,E12.5) : o
8% CANT[NUE S
. 68 TE aig . oy

c .
G CALCLLATIAN WF ThE FETEATIAL CISTRIBLILEN
¢ ALEAG TRE METAL SLRFACE
C
99 PR;L! 91
F1 FORMAT (/77 10t (#CALCLLATIEN EF TRE FOTENTIAL DISTRIBUTIONS 2/}
FRIANT g2

92 FORMAT (1X,«RAYERTLSE{R,SISELFCYRELE PRTLhTIAL ;La»s THE MET4L 5o
LFACE® 47}
924 REAT 971 .89 . t
g2: FORMAT ($15.3) , '
IF tRR hE.RCUTY S30.1CC - o ,
9% FRINT ¢4,AH o .
T4 FORMAT (2///,3%, RNz F§ 2}
FRINT ¢5
Sh FRRMAT (43X.12My !x!h}‘ﬂ!c!:2!:15&(55?(!&”}&,71 13MCSJENeHESSFLY,
1x L4FRUNNING su” £F)
FRINT g6 ‘ .
96 FORMAT %*4*.tsvai?xrtehELENSTth}féxfsshit&SHIQBGl;sx;43¥Enu?1tg;,
18X 1éFHaCO-SUNPATL ]
FRINT 97
$7 FORMAT {5X,*Ne® Qx.tXtﬁ}t.11!;tE‘LB*‘viu¥g*SE&b=L2’ 9%+ COSHXNACS, 8
1x;trkﬁnigfLi,ﬁx,-SQﬁF:TL-,ax;-#CTE&TLt,zz1
SUHPE?L;sl ¢
EO 99 nNei.x
XNHOEX (b yell.
BESSEL2=BESJUNNRL 9
CSLEhayiny
ANBESX Ny eBLENGTER/C
Cﬁﬁkf“ﬁﬁifkinR&&f}*ikF{'¥~&C$}#c.&
TERMPHTL aCSUMNBESSEL Z9CEGEMXNFC
SUNPETL sSUMPETLSTEAMEETL
FETERNTLZ=(UJeBUMFRETL Y
FHIAT g8, h,x;ﬂ;,CSURR;!ES‘ELE;EE&?KKBC;T;ﬁﬁpﬁfgesﬁHPﬁ?L;*ﬁfEﬁTL
58 FOKMAT fsx 142708, E42,%)
§§ CHRTINGE
GE TE 95
10C &L

SUBROUTINES BESZERO {JORD, NO, ZERO), FUNCTION BESJ {X, N}, AND MATALG {4, X, NR, NV,
D0, DET, NACT} ARE GIVEN IN APPENDIX 2,

44 S5 GOVERNMENT PRIRTING OFRICE: 1377 24080410 X%



